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Since the introduction of the Paris law, considerable efforts have been devoted to developing more accurate and
generalized crack growth models to better support damage tolerance design of aeronautical structures. However,
derived mechanism-driven models tend to become increasingly complex as more factors are incorporated, while data-
driven models tailored to specific datasets often lack cross-condition generalizability. This study addresses this
challenge by introducing a novel parametric symbolic regression (PSR) framework, wherein parametric models
share a common mathematical structure with condition-adaptive parameters and are optimized by a multi-objective
genetic algorithm guided by multicriteria evaluation metrics. Taking the learning of unified crack growth
models for metallic materials as a representative case study, we showcase PSR’s capabilities by learning models
directly from the Federal Aviation Administration’s database, and the discovered model matches the classic
NASGRO model’s performance with much fewer parameters and enhanced interpretability. Moreover, PSR’s
efficacy surpasses existing data-driven approaches to discover formulas that accommodate variable experi-
mental conditions and offer high accuracy, interpretability, and parameter stability, highlighting its potential
for broader scientific and engineering applications requiring unified models.

I. Introduction

HE fatigue safety of metallic structures constitutes a critical

consideration in the aviation field. Historically, fatigue failures
in metal structures have led to numerous catastrophic accidents,
such as the structural failures of the Comet and F-111 aircraft [1].
Despite various preventive measures, fatigue-related incidents re-
mained prevalent until the aviation industry introduced “damage
tolerance design” and markedly improved the fatigue safety of metal
structures. A pivotal milestone in this design philosophy was the
introduction of the Paris law [2,3]:

da
= C(AK) 1)

In this equation, AK represents the stress intensity factor range,
which drives crack growth; da/dN denotes the crack growth rate
under cyclic fatigue loads; and C and m are parameters to reflect
material properties and other influencing factors. The Paris law,
based on this unified model framework, successfully described
crack growth rates observed across multiple experiments, highlight-
ing the inherent similarities in complex crack growth behavior under
fatigue loads. This discovery has significantly advanced crack
growth analysis methods and facilitated the widespread adoption
of the damage tolerance design philosophy.

Despite its foundational importance, the Paris law has inherent
limitations as a linear model in double-logarithmic coordinates, and
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its parameters C and m are insufficient to account for the factors
influencing crack growth, such as loading and environmental con-
ditions, crack types, and material states [4]. To address these
limitations, researchers have developed various modified models that
consider multiple crack growth stages [3,6], crack closure effects [7],
loading history [8], environmental conditions [9], crack shape [10],
and material variations [11]. While these mechanism-driven models
have progressively integrated more factors, their complexity has
increased significantly. For instance, the widely adopted NASGRO
model [12-14] encompasses numerous factors affecting crack growth
(see Appendix B), but its formulation is highly intricate and includes
several parameters with undefined physical meanings.

The escalating complexity of crack growth mathematical models
poses two major challenges for researchers and engineers. First,
comprehensively understanding and mastering these models becomes
increasingly difficult, hindering efforts to enhance their generalizabil-
ity. Second, identifying and prioritizing key features within the
models is challenging, complicating their adaptation to specific engi-
neering requirements. To address these challenges, data-driven
approaches offer a promising alternative for model development.
These approaches enable the creation of data-adaptive models with-
out requiring an in-depth understanding of the underlying physical
mechanisms, instead selecting simplified forms based on data char-
acteristics. In recent years, numerous studies have demonstrated the
remarkable ability to derive accurate models directly from data [15—
19]. Additionally, research has focused on developing new models by
learning from generated or experimentally obtained data. These data-
driven models have significantly advanced various fields, including
the design of new materials [20], the discovery of novel mechanisms
[21-23], and the analysis of engineering problems involving diverse
mechanical responses in solids and fluids [24-28].

However, existing data-driven modeling approaches do not spe-
cifically aim to develop unified models akin to the Paris law.
Instead, most methods focus on creating specific models tailored
to characterize all training data. For example,

da
— =4, 107%(AK —2.03)312 2
N 9% 1077( 03) 2

After learning, the constants in the obtained equation are
abstracted into parameters such as C, m, and AK, to form a unified
model:

da
W= C(AK — AKy)™ 3)
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Fig.1 a) Representing different datasets using a unified model structure with parameter variations. b) Combining all datasets and modeling them with

a specific model.

This approach of deriving unified models has several shortcom-
ings. First, each candidate model is specific, meaning that it fits the
entire dataset using a single curve or surface (Fig. 1b). This speci-
ficity limits the ability to leverage diverse experimental data under
varying conditions, hindering a comprehensive assessment of the
model’s adaptability. Second, the evaluation metrics used during the
learning process are tailored to specific models. As a result, these
metrics often fail to provide a holistic view of the candidate model’s
performance as a unified model.

To address these limitations, this study develops a parametric
symbolic regression (PSR) framework for directly learning unified
models from diverse experimental data encompassing multiple fac-
tors and applies it to the construction of crack growth models for
metallic materials. The primary contributions of this work are two-
fold. First, we propose a symbolic regression framework based on
parametric models, which means that the candidate models during the
learning process are parametric rather than specific. This strategy
allows each candidate model to independently represent different
datasets (Fig. la), thereby making full use of diverse experimental
data to assess the adaptability of the models. Second, we develop
multicriteria evaluation metrics tailored to the requirements of unified
models. These metrics encompass complexity, fitness, the number of
parameters, and the stability of fitted parameters across different
datasets. This comprehensive evaluation framework supports the
systematic assessment of candidate models’ potential as unified
models throughout the learning process.

The remainder of this paper is organized as follows: Section II
introduces the implementation of the PSR framework for learning
the unified crack growth model. Section III validates the proposed
PSR framework using synthetic data generated from representative
crack growth models. Section IV applies the PSR framework to
experimental data to derive a unified crack growth model and
compare it with the NASGRO model. Section V conducts a com-
parative study of the proposed PSR framework and existing
approaches for unified model construction, with a focus on demon-
strating its enhanced capabilities and benefits. Finally, Sec. VI
presents a summary and outlook of the study.

II. Parametric Symbolic Regression Framework for
Learning Unified Crack Growth Models

The unified crack growth model for metallic materials to be
learned in this study is defined as an improved form of the Paris law:

da m
N C(AK)™ - G(X) “)

where X encompasses variables and constants of crack growth
models, and G(X) represents a dimensionless correction term to
be learned. The unified model derived through our data-driven
approach is expected to possess the following qualities:

Capturing similarities across datasets. By utilizing a unified
model structure with adaptable parameters, the model can flexibly
represent diverse experimental data influenced by various factors,
thereby capturing inherent similarities across different datasets.
Simplicity and stability for generalization. The model can effec-
tively describe extensive experimental data with a parsimonious
structure, minimizing the number of parameters. Additionally, the
fitted parameters remain stable across different datasets, facilitating
the model’s application to new data.

To meet these requirements, the overall PSR framework for
learning unified crack growth models is illustrated in Fig. 2. The
left side highlights the first major contribution: a symbolic regres-
sion process based on parametric models rather than specific mod-
els, which includes the generation, evaluation, and evolution of
parametric models M, M,,..., Mg (where S is the number of
models in the population). The right side showcases the distinctive
aspect of parametric model evaluation, constituting the second
major contribution: thoroughly evaluating candidate models as uni-
fied models by leveraging diverse experimental data (R denotes the
stress ratio) and applying multiple evaluation criteria (Lcopm», Lmsks
Lyar, and Lpnum; see Sec. ILB).

A. Generating Parametric Models

This section introduces the generation of diverse model instances
to construct the parametric model population. Since most crack
growth experimental data are represented in logarithmic coordi-
nates, Eq. (4) is transformed into its logarithmic form. In this
context, the correction term to the Paris law captures the mapping
relationship between X and log;((G(X)). Consequently, the basis
function is defined as log;o(F;(X)), and the crack growth model to
be learned is expressed as a linear combination:

d
logyo (ﬁ) = XV filogio (Fi(X)) ®)

where N denotes the number of basis functions in a single model
instance, and fi, f,,...,fn are the corresponding weighting
parameters (collectively denoted as f). To maintain consistency
with the Paris law’s part in Eq. (4), log;o(F (X)) and log;o(F, (X))
are fixed as 1 and log,o(AK), respectively. The coefficients C and
m are then replaced by f and f, to maintain a coherent parameter
description. The remaining basis functions F;(X) are generated
randomly using a genetic algorithm, thereby creating a diversified
model population. An example of generating an individual F;(X)
is presented in Fig. 3.

In Fig. 3, the corresponding equation is equivalently represented
as a model tree: blue nodes symbolize operators (randomly
assigned functions), and peach nodes symbolize terminators (ran-
domly selected variables or constants). Thus, the choice of operators
and terminators directly defines the space of parametric models. In
particular, four operators—addition, subtraction, multiplication, and
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Fig. 2 The parametric symbolic regression framework for discovering unified crack growth models from multiple experimental datasets.
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inverse operation—are used (Table 1). The inverse operator is included
because combining it with multiplication provides a division function
while needing only a single input variable. Furthermore, because the
basis functions examined here are fixed in logarithmic form, the log;,
operator is not used to construct F;(X).

In addition to these operators, the terminators are defined below.

1. Data-Invariant Constants

Data-invariant constants are introduced in the unified model.
Specifically, we define d;,d,,...,dp as terminators representing
constants in the unified model (collectively denoted as d), where B
is the number of constants in the model. Once values for d are
assigned, they remain fixed and do not vary across different datasets.

Table 1  Operators used for learning
unified crack growth models in this study
Symbol Meaning Arguments
+ Add 2
- Subtract 2
X Multiply 2
inv Invert 1

2. Input Variables

AK and K, are employed as driving forces for crack growth,
with K., representing the maximum stress intensity factor under
cyclic loading. Because G(X) needs to be dimensionless, AK and
K .« are nondimensionalized before being used as inputs:

AK
N =T
1
6
Kmax ( )
X =
2 k2

where k; and k, (together denoted as k) share the same dimensional
units as the stress intensity factor. These parameters must satisfy

k>0

ky >0 @
In summary, the above expressions serve as the foundation for
symbolic regression and will be illustrated using several classical
crack growth models (Table 2), including the Paris, Walker, Forman,
NASGRO (H-S), and NASGRO models. In this paper, we will
utilize this straightforward expression as a foundation for develop-
ing unified crack growth models that can effectively characterize the
diverse experimental data.

B. Evaluating Parametric Models as Unified Models

Following the generation of the parametric model population,
each candidate will be comprehensively evaluated against the cri-
teria of a unified model. The overall evaluation process is illustrated
in Fig. 4.

1. Consolidate and Label Data

In many engineering scenarios, structures can experience variable
amplitude loading spectra that cover a wide range of stress ratios. To
ensure that models derived from limited stress-ratio datasets meet
engineering requirements, data acquired under distinct stress ratios
but otherwise identical conditions are assigned a common set of
fitting parameters. This allows the resulting parameters to be applied
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Fig. 4 Flowchart for parametric model evaluation.

in predicting crack growth across a range of stress ratios. After this
consolidation step, the n labeled datasets {D,,D,,...,D,} are

To evaluate the representational capability of a parametric model,
it must be fitted to multiple datasets. However, dependent parame-
ters can interfere with model fitting. We therefore check for param-
eter dependence and remove any redundant parameters. First, we
test whether any two basis functions F;(X) and F;(X) in Eq. (3) can
be simplified to the same expression, thereby eliminating linearly
dependent basis functions. Next, we verity whether G(xk;, 7k,) and
G (ky, k) reduce to the same form, indicating a proportional corre-

Since d; has no physical meaning here and remains fixed once
chosen, the sampling space can be defined as {—1,0,1}. Addition-
operator, the case d; = 0 can be written as
“l1—-17, and d; = —1 as “0-1.” Consequently, for the purposes of
this study, each constant d; is set to 1 when constructing the crack

Table 2 Typical crack growth models illustrated by the PSR framework
Name Model Required F;(X)
Paris da d,
= C(AK)"
ay = €K
Walker da 1
oy = CaK" (1 =Ry X X—
X2
Forman da 1 1
— = C(AK)" ——d
dN K < 1 X2 ]
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NASGRO | = AKn\? Y (4 21
d. _f m _AK Xy X—1, | B
da C(AK)™ . X2 X1
dN -R 1 Kinax \ ¢ (dr — x)
K,
NASGRO (H-S) | AKu\" J J
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4. Fit Parameters for Individual Datasets

To compare various parametric models in the population, each
model must be reliably fitted to different datasets. We employ an
alternating optimization method (Fig. 5) that updates two groups of
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parameters in turn: the parameters k are updated through uncon-
strained nonlinear optimization, while the parameters f are updated
using the ridge regression. These two steps alternate until the param-
eters converge to an optimal solution.

To enhance the robustness of this fitting process, multiple initial
values for k are explored to avoid local optima. Initially, the quasi-
Newton method is used for updating k. If it fails, the trust region
method is employed as a fallback. (The termination criteria used in
this paper are shown in Table Al in Appendix A.) Finally, the
parameter set that satisfies the constraints in Eq. (7) and yields the
lowest mean squared error (MSE) is selected as optimal, denoted as

kW, f(j))_

5. Evaluate the Model Across Multiple Metrics

In the PSR framework, each candidate model is tested on multiple
datasets, resulting in several sets of fitted parameters and corre-
sponding MSE values. We employ a multicriteria evaluation scheme
to comprehensively assess each candidate’s potential as a unified
model. The first evaluation metric is complexity, which reflects
model interpretability. For each basis function tree F;(X), complex-
ity is defined as the weighted sum of its nodes:

COMP (x) =Y 11 1 ®)

where h denotes the total number of nodes in the model tree for
F;(X), and 1; denotes the depth of the /th node. The overall model
complexity is then given by

Leomp = Y1t COMPy x) ©

The second metric is fitness, which assesses a model’s capacity to

represent a broad range of data. We define the fitness of a candidate
model as

EMSE = 1/2 max (MSEI,MSEz,...,MSEn) (10)

where MSE; is the mean squared error of the candidate model
evaluated on the dataset D;.

The third metric is parameter stability. The learned model should
exhibit relatively stable parameter values across different datasets,
ensuring the ability of reliable parameter estimates for unseen data.
Accordingly, stability is quantified as

Lyar = max (var(fy), var(f), ..., var(fy)) an

where f; = (fi1, fi2,-- ., fin), and f;; is the fitted value of param-
eter f; for the dataset D;. The variance var(f;) captures how
consistently f; is estimated across different datasets.

The fourth metric is the number of parameters without physical
meaning, defined simply as

Lpnom = N (12)

A model with fewer parameters reduces the complexity of parameter
updates, thereby simplifying its broader application.

C. Updating Parametric Models via a Multi-Objective Genetic
Algorithm

After evaluating the candidate models, a multi-objective genetic
algorithm is developed based on Ref. [29] to update the model
population to identify superior candidates across multiple metrics.
In this framework, each basis function F;(X) is treated as a gene,
and population members are updated via simulated crossover and
mutation events, mirroring biological evolution [30].

Additionally, a staged model selection strategy is introduced to
handle multi-objective optimization (Fig. 6). Each stage implements
bi-objective optimization while consistently applying Lcomp tO
exclude models with low interpretability. However, the specific
criteria vary among stages. In the first stage, Lysg and Lcopp are
adopted, ensuring that the population retains a wide range of models
with strong representational capability. In the second stage, Lyar
and Lcopmp are employed, subject to the constraint Lysp < LHmit)
further filtering models based on parameter stability. In the third
stage, Lpyum and Lcomp are used, coupled with the constraints
Lyse < LM and Lyag < £9M0E 10 select the most parsimonious
candidate models.
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III. Benchmark Testing with Synthetic Data

A. Validation of the PSR Framework on Synthetic Data Without
Noise

The PSR framework was first tested to ascertain its ability to
recover the correct model from data generated by several classical
crack growth models, including the Walker and Forman models, as
well as the H-S variant of the NASGRO model, whose elegant
simplicity and broad applicability have been demonstrated by the
comprehensive work of Jones et al. [31-33]. The parameter values
used to generate the synthetic data are listed in Tables A2—-A4. As
shown in Fig. 7b, by setting the maximum number of basis functions
to two and the maximum number of basis function layers to three,
the model space was sufficient to encompass the Walker, Forman,
and NASGRO (H-S) models. Detailed PSR settings are provided in
Table 3.

Using noise-free data generated by the Walker, Forman, or NAS-
GRO (H-S) models (Fig. 7a), the PSR framework selected the model

WANG ET AL.

with the fewest parameters located on the Pareto front of the final
generation as the output, denoted as M:

da x%
logy N = f1 + f2logiy (AK) + f3log)o [ = (13)
X1

da 1
logyo (W) = f1+ f2logio (AK) + f3logg (g— 1) (14)
da 1
logyo aN = f1+ f2logio (AK) + f3log)g | 1 %) as)
+ falogio (1 = x3)
All three models derived by the PSR framework from synthetic

data demonstrate excellent performance in both Lyisg and Lyag
(Table 4), indicating accurate characterization of the learning data
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Fig. 7 PSR framework validation with model-generated data (different colors denote distinct datasets within Tables A2-A4, and different symbols

indicate varying stress ratios).
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Table5 LUmit settings
for different noise levels

Symbol Meaning Arguments controlled by 7
Settings for genetic programming —
S Number of models in the population 3000 n Ly
Grax Number of evolutionary generations 60 0 1075
Sr Sample number for the tournament 100 0.08 0.006
g Maximum number of basis functions 2 8 é 2 %%255
depth Maximum number of basis function layers 3 = -
ERChiy Maximum number of constants 2
Pmutate Probability of F;(X) tree mutation 0.24
Deross Probability of F;(X) tree crossover 0.64 Table 6 Performance of
Pdirect Probability of F;(X) tree direct copy 0.12 Eq. (15) concerning different
noise levels controlled by n
Settings for parameter fitting
r Ridge regression parameter 0.0 n Lyise Lyar
Vi, Sample space of initial &, k, [1,200] 0 4.93 % 106 0.0779
N Sample number of initial &, k, 10 0.08 0.0032 0.0771
- - 0.16 0.0137 0.1141
Settings for the staged screening strategy 0.24 0.0311 0.2074
Gy Number of evolutionary generations for stage 1 25
G, Number of evolutionary generations for stage 2 25
Llimie Lyse constraint for all models in stages 2 & 3 1073
Llimie Lyar constraint for all models in stage 3 1.0 da da
loglo (dN)noise B loglo (dN) * "

Table 4 Performance of models
learned from synthetic data without

noise
Moul LMSE 'CVAR
(13) 9.6x107% 0.68
(14) 1.3x 107 0.088
(15 3.8x 10713 0.079

(Fig. 7c) and stability of the fitted parameters across different
datasets.
Indeed, Eqgs. (13-15) correspond to the Walker, Forman, and
NASGRO (H-S) models used for data generation, as detailed below:
Based on AK = (1 — R)K,x, Eq. (13) can be transformed into

da
oz () = 01+ 0210w (AK) + 03 logig (1 =R) (16)

where

k
0, = f1 + f3log (k_;)
2

0, =fr+f3
03 = =2f3

a7)

Thus, Eq. (16) adopts the same form as the Walker model.
Similarly, Eqs. (14) and (15) match the Forman and NASGRO
(H-S) models, respectively. Furthermore, parameter comparisons
in Tables A2-A4 confirm that Egs. (16), (14), and (15), learned
by the PSR framework, are identical to the models used to generate
the learning data. Consequently, the PSR framework successfully
identified the models from their generated datasets.

B. Validation of the PSR Framework on Synthetic Data with Noise

To evaluate the learning capability of the PSR framework under
noisy conditions, synthetic data were generated by introducing noise
into the NASGRO (H-S) model:

where, € ~ N(0,1) represents the noise term, and 7 controls the noise
variance. We considered four noise levels: 7 = 0,0.08,0.16, 0.24
for PSR’ testing. Limits for Lysg (LiMi) were updated as shown in
Table 5, and L2 regularization was applied with a ridge regression
parameter of r = 0.4 during parameter fitting.

Under all noise levels, the output model M., remained consis-
tent with Eq. (15). Its performance across different noise levels is
presented in Table 6.

The results demonstrate that the model effectively characterizes
the essential features of the data even under high noise levels,
indicating that the PSR framework can identify the robust model
despite the presence of noise.

IV. Discovering the Crack Growth Model from
Experimental Data
A. Source of Experimental Data

The experimental data utilized in this study (Fig. 8) were sourced
from the database published by the Federal Aviation Administration

da . .
N (in/cycle)

1 0-1 0 . .
10° 10’ 102
AK (ksivin)
Fig. 8 FAA’s database (different colors denote distinct datasets within
Table AS, while different symbols indicate varying stress ratios).
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(FAA) [34], which encompasses a wide range of experimental data
from multiple sources, capturing crack growth performance under
various influencing factors such as material forms, heat treatment
processes, and experimental environments (Table AS). These factors
are highly relevant to engineering applications.

To address the complexity of the experimental data, we
adapted PSR’s settings used for synthetic data with noise by
increasing the population size to 6000, thereby enhancing the
diversity of parametric models within the population. After an
initial trial of the population evolution in the first stage, we set
the £imit 0 0.027.

B. Analysis of Model Representational Capacity and Parameter
Variation Stability Across Different Datasets

After independently running the PSR procedure 10 times on all
13 datasets, we selected the most frequently recurring learned
model, hereafter referred to as the ParaGRO model:

AK\?
kl Kmax
+

da .
log;o (@) = f1 + f2logo(AK) + f3logyg Koo %
ky

19)

As illustrated in Fig. 9, experimental data from different sources,
influenced by various factors, are effectively characterized by a
single model structure, namely the ParaGRO model, with adjustable
parameters (Table A6). This demonstrates that the ParaGRO model
captures the intrinsic similarities across diverse experimental data-
sets. Moreover, the ParaGRO model requires only five parameters,
which can be reduced to four through artificial merging, as
described in Sec. IV.C.

Despite involving fewer parameters than the NASGRO model’s
11 varying parameters (Table A7), the ParaGRO model maintains
comparable representational capabilities, as shown in Figs. 10a and
10b. This indicates that the ParaGRO model, derived directly from
experimental data, effectively captures and exploits the most essen-
tial features that reflect the data’s intrinsic properties.

Figure 1la displays the boxplots of the fitted nonphysical
parameters for the ParaGRO model across different datasets,
whereas Fig. 11b shows the boxplots of the NASGRO model’s
parameters, which lack physical meaning. These plots illustrate
the stable parameter variations when applying the ParaGRO
model versus the NASGRO model across different datasets. This
stability is beneficial for the application of these models to new
data, as it ensures reliable reference parameter values can be
obtained.

Based on the above analysis, the ParaGRO model directly learned
via the PSR framework exhibits fewer parameters and demonstrates
stable and reliable parameter variations across different datasets.
These attributes make the model particularly suitable for applica-
tions such as the airframe digital twin [35], where frequent param-
eter updates are required.

C. Interpretability of the PSR-Learned ParaGRO Model

Data-driven models can also offer significant interpretability. We
further analyze the ParaGRO model by transforming it using
AK = (1 = R)Kax:

d
log;o (ﬁ) = f1 = f3logio(ky) + (f2 + f3) logo (AK)

ky 1 h]

(20)
+ f3logg |:(1 -R) =+

k" 1-Rk

thereby

da
o
13 (f2+f3)
~falogiotk) ) [ (12 L kilp+
10f| 31080 (K [(1 R)k1+1—Rk2 f2 fSAK
2n

Referencing Eq. (16), the above equation can be written as

da 1 03 0,

where

01 = 10/1—/3logio(k1)

62:%

: 23)
0. — f3 (
YT At
0,=fr+f3

Thus, the ParaGRO model effectively depends on only four
parameters. Building on Elber’s model [7], which accounts for crack
closure effects, we consider

da
N= C(AK )" 24

_ AKeir _ ASefr

v AK AS

(25)

where AK . is the effective stress intensity factor range considering
crack closure, AS is the stress range of cyclic loading, and AS. is
the effective stress range under crack closure conditions. Therefore,
the coefficient preceding AK in Eq. (22) corresponds to U:

! T3 (26)

U= [(1 - R)0, +—(1 Z R0,

Consequently, the ratio of crack opening stress to maximum
stress is

S, _,_UAS

Smax max

=1-U(l-R) 27

Figure 12a illustrates the correlation between the nominal
crack opening stress S,/S;.x and the stress ratio R across 13
datasets, where the various curves, as characterized by Eq. (22),
objectively reflect the differences in crack closure behavior
among the individual datasets. In comparison, Fig. 12b depicts
the corresponding relationship f from the NASGRO model
(Appendix B), in which the crack closure behavior was subjec-
tively set to be identical for all 13 datasets, as represented by the
red curve defined in Ref. [34] (the NASGRO model typically
adjusts f by modifying a or Sy,.c/0¢, indicated by the black
dashed line in Fig. 12b). Our results indicate that the ParaGRO
model effectively captures the variation in S, /S, With changes
in R: as the stress ratio decreases, the influence of crack closure
intensifies. Moreover, compared to the various formulations
developed by Schijve et al. [11] to account for crack growth
closure effects in different materials, the ParaGRO model accom-
modates these differences within a single framework by simply
adjusting two parameters k; and k.
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Fig. 9 Characterizing 13 datasets by the ParaGRO model.

V. Discussion

Most data-driven studies focus on identifying a specific model
that fits the entire learning dataset. Typically, a unified model is
parameterized from the learned specific model only after the
learning phase is complete. Existing methods generally fall into

two categories: the homogeneous-data approach, which utilizes

experimental data under similar conditions, and the aggregated-
data approach, which combines multiple datasets from varying
conditions without addressing differences in influencing factors.
This section highlights the advantages of the PSR framework by
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Fig. 10 Predicted versus experimental crack growth rates for 13 datasets: a) ParaGRO and b) NASGRO. Colors denote individual datasets.
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Fig. 11 Boxplots of fitted nonphysical parameters: a) ParaGRO and b) NASGRO. Details of parameters for the NASGRO model are provided in
Table A6.
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Fig. 12 Normalized crack opening stress S,/Spax versus stress ratio R: a) ParaGRO (colors denote individual datasets); b) NASGRO (the red line).

comparing it with these two approaches in developing unified
models.

A. Comparison of the PSR Framework with the Homogeneous-Data
Approach

Models trained on homogeneous data typically perform well on
their training sets but may exhibit poor generalization to new data. In
contrast, the PSR framework utilizes parametric models during learn-
ing and evaluates each candidate as a unified model across diverse

datasets with varying influencing factors. This strategy effectively
enhances the generalization capability of the learned model.

To emulate the homogeneous-data approach, we utilized the
symbolic regression process developed in this study alongside the
experimental data presented in Table AS5. Each dataset was indi-
vidually selected to train a specific model, which was subsequently
transformed into a unified model and evaluated on the remaining 12
datasets. For comparison, the model with the lowest Lygg on the
learning dataset D; at the 25th generation (end of the first stage) was
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Fig. 13 Comparative performance of the ParaGRO model (learned from all thirteen datasets) versus M/ (learned from a single dataset D;).

Table 7 Scenarios for learning and testing
data division

Datasets division

Data case Learning Testing
I [Dy:Dyol [D11: D13l
I [D4:Dy3] [Dy:Ds]

identified as the optimal output and parameterized as the unified
model M. The comparison between them and the ParaGRO model
is shown in Fig. 13.

Figure 13 illustrates that models M1 to M!, perform well on
their respective learning datasets but exhibit significantly higher
Lysg and unstable parameter variations (Lyag) on test data. This
behavior indicates overfitting and limited generalization when these
models are used as unified models. In contrast, the PSR framework

I £ysz (Model learning phase)
Lyse (Model testing phase)

I £ysr (Model learning phase)
Lyar (Model testing phase)

evaluates candidate models across multiple datasets during the
learning phase, thereby enhancing the generalization capability of
the ParaGRO model. Furthermore, the PSR framework allows for
the expansion of training datasets, allowing the PSR-learned model
to achieve improved generalization to new datasets by incorporating
additional data during the learning phase.

B. Comparison of the PSR Framework with the Aggregated-Data
Approach

Maximizing the utilization of available data to improve model
generalization is a widely adopted strategy in machine learning.
However, while utilizing extensive experimental datasets, the
aggregated-data approach combines them into a single training set
and employs a single model to characterize all data. In contrast, the
PSR framework utilizes candidate models, each of which shares a
unified model structure but adapts its parameters in response to
varying influencing factors across different datasets, making it more
suitable for representing multiple datasets. This section compares
these two data utilization approaches as follows.

@ Model parameters for learning data

I Lonum O Model parameters for testing data
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Fig. 14 Comparison of M, ,1;; versus M, e for cases I (a—c) and II (d-f): a,d) evaluation metrics; b,c,e,f) parameters.
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To simulate the aggregated-data approach, we utilized the sym-
bolic regression process established in this study along with the
experimental data presented in Table AS5. Ten datasets were used
during the learning phase of the PSR framework, resulting in an
output model denoted as M. Correspondingly, the same 10 data-
sets were merged into a single training set to represent the direct
aggregation of multiple datasets. The model with the lowest Lygg at
the 25th generation (end of the first stage) was selected as the optimal
output and parameterized to a unified model, referred to as M-
Both My and Mg Were subsequently tested on three additional
datasets to evaluate their performance as unified models. Overall, this
section examines two scenarios for dataset division during the model
learning and testing phases, as detailed in Table 7.

Results in Figs. 14a and 14d show that during the learning phase,
Mingie €xhibits a higher Lygg despite having more parameters than
Mg across both data cases. This indicates that directly merging
multiple datasets into a single training set does not facilitate the
learning of a more parsimonious and accurate model when exper-
imental data exhibit significant dispersion due to varying influenc-
ing factors. In the testing phase, M,,;; demonstrates a slightly
higher Lysg than M. but with significantly fewer parameters.
More importantly, M .. sShows better stability in parameter fitting
across different datasets (Figs. 14b and 14e vs Figs. 14c and 14f),
and its parameters on the testing set are closer to those of the
learning set compared to M. This suggests better engineering
practicality, as the parameter values obtained during learning can
serve as reliable references when using M,;; for new data.

VI. Conclusions

This study proposes a novel PSR framework for learning unified
models from diverse datasets. Its effectiveness is demonstrated
through the construction of crack growth models for metallic mate-
rials. The PSR framework can leverage extensive experimental data
encompassing multiple influencing factors to derive a unified crack
growth model that is simple, well-generalized, and stable.

The PSR framework distinguishes itself from traditional data-
driven approaches in two key aspects. First, unlike conventional
methods that rely on specific models, the PSR framework
employs parametric models within the symbolic regression proc-
ess. These candidate models incorporate both variables and

parameters, enabling their evolution and evaluation in a manner
analogous to the conventional derivation of formulas. This
approach allows the PSR framework to capture the intrinsic
similarities across diverse datasets while maintaining flexibility
in parameter adaptation. Second, we established multicriteria
evaluation metrics specifically tailored to the requirements of
unified models. These metrics consider complexity, fitness, the
number of parameters, and the stability of fitted parameters across
different datasets. This comprehensive evaluation framework
ensures that each candidate model fully utilizes the diverse exper-
imental data, enabling a thorough assessment of its performance
as a unified model during the symbolic regression process.

When tested using the FAA-released database, the PSR-generated
crack growth model demonstrated characterization capabilities
comparable to the classical NASGRO model, which utilizes 11
parameters. Notably, our model achieved similar performance
with only four parameters, significantly reducing complexity
while maintaining high accuracy. Furthermore, the PSR-derived
model effectively captures crack closure effects, offering en-
hanced interpretability compared to the NASGRO model. The
advantages of the PSR framework extend beyond its ability to
generate accurate and interpretable models. By evaluating candi-
date models across multiple datasets with varying influencing
factors, the PSR framework significantly enhances the generali-
zation and stability of the resulting unified model. This capability
is particularly valuable in engineering applications, where reliable
and adaptable models are essential for predicting material behav-
ior under diverse conditions.

The PSR framework holds substantial potential for application in
various fields. Its ability to derive unified models from diverse
datasets makes it a powerful tool for uncovering underlying physical
mechanisms and developing mechanism-driven models. Future
work will explore the application of the PSR framework in learning
material mechanical behaviors, uncovering flow mechanisms, and
addressing other complex scientific and engineering challenges.

In conclusion, the PSR framework represents a significant
advancement in data-driven modeling, offering a robust frame-
work for constructing simple, interpretable, and well-generalized
models. Its success in crack growth modeling underscores its
potential to transform data-driven approaches across a wide range
of disciplines.

Appendix A: Supplementary Tables

Table A1 Termination criteria for nonlinear optimization algorithms

Arguments
Symbol Meaning The quasi-Newton method The trust region method
Eopt Gradient tolerance (|| VMSE(k;, k) [lo) 107° 10710
EMSE Function tolerance (MSE) 107° 10710
Estep Step tolerance 10710 10710
Prmax Max iterations 400 2000

Table A2 Parameters for data generation using the Walker model and fitting parameters of Eq. (16)

Parameters of Walker

Parameters of model

Data label R P C ky ky 107 6, 05
1 -0.2,0.3,0.5 3.0 2.79 x 10710 1.00 1.00 2.79 x 10710 2.12 3.00
2 0.1, 0.2, 0.7 4.5 3.12x 10710 1.00 1.00 3.12x 10710 2.54 4.50
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Table A3 Parameters for data generation using the Forman model and fitting parameters of Eq. (14)

Parameters of Forman Parameters of model
Data label R K. C m ky ks 10/ fa f3
1 -0.2,0.3,0.5 79 2.79 x 10710 2.12 1.00 79.00 2.79 x 10710 2.12 —1.00
2 0.2,04,0.6,0.8 62 3.12x 10710 2.54 1.00 62.00 3.12x 10710 2.54 —1.00

Table A4 Parameters for data generation using the NASGRO (H-S) model and fitting parameters of Eq. (15)

Parameters of NASGRO (H-S) Parameters of model

Data label R AK iy A C m ki ky 10/ /2 f3 fa

1 -0.2, 0.1, 4.02 87.3 2.79 x 10710 2.12 4.02 87.30 2.79 x 10710 2.12 2.12 -1.06
0.4,0.7,0.8

2 02,04,06 365 760 279%x1071° 212 365 7600 279x10°° 212 212 -1.06

3 0.1, 0.7 1.52 61.1 2.79 x 10710 2.12 1.52 61.10 2.79 x 10710 2.12 2.12 -1.06
-1.0, 0.01, 3.0 62.0 1.52x 10710 1.64 3.00 62.00 1.52x 10710 1.64 1.64 —0.82
0.1, 0.3,0.6

5 0.2,0.3,0.6 3.59 57.0  3.31x10710 242 359 57.00 331x10°10 242 242 -1.21

Table A5 Experimental datasets used and the influencing factors reflected in the FAA’s database

Alloy Heat Crack Frequency,

Label type Treatment orientation Test environments Load ratios Hz

1 2014Al1 T6 T-L Laboratory air 0.05, 0.25, 0.38, 0.4, 0.5 2-30
2 2024 Al T3 L-T Laboratory air -2,-1,-0.5,0.0,0.5,0.7 5-15
3 2024 A1 T3 T-L Laboratory air 0.0, 0.05, 0.33, 0.4, 0.7, 0.8 5-15
4 2024 Al T351 L-T Laboratory air (different temperature) -1,-0.5,0.1,04, 0.8 3-30
5 2024 A1 T3511 L-T Laboratory air, high-humidity air 0.05, 0.1, 0.5, 0.8 9-20
6 2024 A1 T62 L-T Laboratory air, high-humidity air, A/C sump 0.1, 0.385, 0.7 0.1-30

water

7 2024 A1 T81 L-T Laboratory air, dry air 0.08, 0.1, 0.3, 0.5, 0.765 1-25
8 7050A1 T7451 L-T Laboratory air, dry air 0.08, 0.1, 0.4, 0.5, 0.7, 0.8 6-50
9 T075A1 T651 L-T Laboratory air 0.02, 0.1, 0.33, 0.5, 0.75 0.1-30
10 T075A1 T7351 L-T Laboratory air, high-humidity air -1,0.1,0.33, 0.5, 0.8 0.1-40
11 T475A1 T7351 L-T Laboratory air -3.33,-1,-0.33,0.05,0.1,0.4, 0.8 1-20
12 7475A1 T761 L-T Laboratory air, high-humidity air 0.05, 0.1, 0.25, 0.38, 0.8 2-30
13 T7475A1 T7651 L-T Laboratory air 0.0, 0.05, 0.4, 0.8 5-30

Table A6 Parameters obtained by fitting the ParaGRO model to 13

datasets

Data label k ko fi fa f3

1 3.4627 8.8376 —8.8463 6.1832 —2.6574
2 1.9101 5.5323 —8.3753 6.7391 -3.1795
3 1.6937 10.4839 —7.9658 5.2371 —1.7148
4 3.2265 12.8862 —8.8763 6.9000 —3.1389
5 1.7901 7.1824 —8.7380 7.3960 -3.0716
6 1.9434 5.4609 —8.0953 7.4630 —4.0347
7 5.5555 17.7690 —9.7765 6.7545 —2.8630
8 1.6451 6.7329 —8.0383 7.1368 —3.3948
9 2.7190 9.3176 —-8.4711 6.5078 —2.8096
10 34112 11.8275 —8.3878 5.8223 —2.6225
11 1.8767 7.6002 —7.8736 6.3928 -2.9721
12 1.9346 7.0611 —7.5801 4.9275 —2.0541
13 9.3728 44.0707 —9.2636 5.2961 —2.0254
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Table A7 NASGRO model parameters used for 13 datasets (all other parameters are the same, with (S,,.x/6¢) = 0.3,
a=20,ay=00,Cj =0.1)

Data label R K. Oys Ay By t AK, ch p q log,, C m
1 + 20 63 1.00 1.50 0.063 0.77 2.20 0.50 0.50 —7.64 3.0
2 + 30 53 1.00 1.50 0.100 1.22 1.21 0.25 1.00 -8.10 3.2
2 - 30 53 1.00 1.50 0.100 1.22 1.21 0.25 1.00 -8.10 3.2
3 + 27 48 1.00 1.50 0.090 1.00 1.50 0.25 1.00 —7.89 3.0
4 + 36 54 1.00 2.00 0.200 0.80 2.20 0.50 1.00 —-8.40 3.6
4 - 36 54 1.00 2.00 0.220 0.80 2.20 0.50 1.00 —-8.40 3.6
5 + 35 55 1.00 1.00 0.250 1.00 2.50 0.50 1.00 —-8.40 3.5
6 + 38 58 1.00 1.00 0.125 0.82 2.20 1.00 1.00 —7.82 3.0
7 + 22 63 1.00 1.20 0.100 0.79 2.20 0.25 0.50 -8.15 3.3
8 + 32 73 1.00 0.75 0.500 0.80 2.20 1.00 1.00 —7.60 2.5
9 + 28 75 0.75 2.00 0.450 0.70 1.30 0.50 1.00 -7.52 2.8
10 + 32 63 1.00 1.00 0.400 0.70 2.00 0.50 0.50 —7.66 2.9
11 + 40 61 1.00 2.00 0.300 0.70 2.40 0.50 1.00 —7.40 2.6
11 - 40 61 1.00 2.00 0.300 0.70 2.40 0.50 1.00 —7.40 2.6
12 + 40 63 1.00 1.20 0.100 0.60 1.50 1.00 1.00 -7.30 2.4
13 + 40 69 1.00 1.50 0.200 0.64 2.15 0.50 1.00 -7.70 2.8

Appendix B: NASGRO Model
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